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Abstract—In this work, an experimental implementation of a
Fractional-order MOS capacitor using a fractal tree structure
in discrete circuits was carried out in order to validate the the-
oretical results obtained of the simulations. In addition, a
Monte Carlo analysis was performed to determine the sensitiv-
ity of the electrical circuit to the variation of some parameters.
In these analyzes were observed that for a tolerance of 20%o in
the device values and for 26 above and below the median values
(for both, width, and initial frequency value of fractal zone) it
is noticed a deviation of 18%0 and -14%o, respectively, which is a
reasonable deviation for a group that contains more than 90%o
of the samples.

Index Terms— Fractal zone, fractional-order MOS capaci-
tor, fabrication mismatch, Monte Carlo simulation, Fractal
Tree implementation.

L. INTRODUCTION

Fractional-order capacitors are components in which the
impedance can be described by fractional-order derivatives or
integrals. The impedance of a fractional-order capacitor can be

writtenas Z(s) =

oo in the Laplace Domain, where 1 can
5

assume any real value between 0 and 1 [1]. It is important to
detail that for a conventional capacitor, 1) would be constant
and equal to 1.

Some authors have already studied the impact of replac-
ing conventional capacitors with fractional-order capacitors in
known circuits [2. 3. 4]. In Wien Bridge's case. for example,
if the integer-order capacitor could be replaced by a o-order
capacitor with the same value C. the oscillation frequency of

the system becomes w = : + . showing that it is possible to
(RO

obtain very high oscillation frequencies when 0 <17 < 1 [2].

For example, if RC = 10% and 1 = ¥, w would increase from

108 rad/s to 10%rad/s.

There is a wide variety of works demonstrating that some
fractal geometric pattern circuits follow the behaviour of a
fractional component on a specific frequency region called
Fractal Zone and it depends on the kind of pattern structure
and on the number of iterations [3, 6. 7].

An important fractal structure is known as Fractal Tree,
which was studied by several authors [8, 9, 10] and imple-
mented experimentally using a microelectronic fabrication
process based on MOS technology.

Figure 1 shows the cross section of a conventional MOS
capacitor which would be used as basic component for the im-
plementation of a Fractal Tree structure. At the same figure,
an equivalent electrical circuit schematic of the conventional
MOS capacitor is also showed.
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Fig.1. Cross-section of a conventional MOS capacitor and its equivalent
circuit schematic diagram-— the circuit of an elementary segment of the
Fractal Tree [9]

The process to obtain the Fractal Tree structure is charac-

terized as follows:
1. In the iteration O the Fractal Tree is started with

a segment of Length L (Figure 2.a).
The segment is divided into 3 equal parts of
length L/3 (so, forming 2 junctions) (Figure 2.b).
In the first junction it is added a segment of
Length L/3 forming a © angle (Note that now we
have 5 segments of 1/3 of the previous length).
3. The next iterations will be characterized by the

repetition of step 2 for each segment individu-

ally.
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Fig.2. Iterations O (a) and 1 (b) of a Fractal Tree.

b) [teration

. L ; ..
It is easy to see that L; = P and N; = 5%, where i is the

number of iterations, L; the length of each basic element and
N; the number of elements at iteration i. As obtaining the
Fractal Tree is an iterative process, it is necessary to make
some distinctions. For example, there is a difference between
the "elementary series resistance" (associated with the most
elementary segment of the structure - which was "divided" i
times) and the "total series resistance" (associated with an
"unsplit" segment). Therefore, the "total series resistance"
R,. "total capacitance" Cp, and "total parallel resistance" R,
are related, respectively with the "elementary series re-
sistance" R,. "elementary capacitance" Cy.. and "elementary

parallel resistance" Ry, by:
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There are many definitions of the dimension of a fractal
structure. One of the definitions is that the dimension of a
fractal structure can be interpreted as a measure of its com-
plexity and is defined as Dy = log(a)/log(B). where a is
the number of elements that increase with each iteration, and
B is the reduction factor. Particularly, for the Fractal Tree the
dimension is D, = log(5)/log(3) = 1.46.

It can be shown that under appropriate conditions, the im-
pedance equation can be written as Z(w/(af)) = [Z(w),
where a possible solution for this equation can be written as

k . . . . .
Z(w) = —=. Doing some manipulations is possible to obtain

(a)T
r . _ log(B) e
the following expression 1 = Tog(e 1og (B’ which for the

Fractal Tree results in n = 0.406. As 1) is related to the argu-
ment by the expression 6 = — gn, then the theoretical argu-
ment (8) for a Fractal Tree structure is -36 degrees [9].

II. IMPEDANCE: SIMULATIONS AND PROPERTIES

In order to obtain impedance Z of the Fractal Tree, a sim-
ple way is to treat the different iterations of the circuit as Lin-
ear Two-Port Networks and derive recursive equations be-
tween them. As the Linear Two-Port Network of the same it-
eration have the same parameters, the impedance is easily cal-
culated by a bottom-up approach. The relationships among
voltages and currents of a Linear Two-Port Network are
showed in equation 1.

Vit = ¢liz + djVje

Where j denotes the iteration, 1 if it is an input measure-

ment and 2 if it is an output measurement.
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Fig.3. Scheme for calculating the parameters of the next iteration. The
term Z ., refers to “infinite impedance™

Using the scheme of figure 3 to solve the equation, it is
possible to find the following recursive relations among the
parameters:

ajp1 = Fj(aj,bpay + ci(Fi(aj,bj)z—; + Gj(a;, b)) (2a)

bj+1 = Fj(a;,byb; + di(Fi(ai,bj)z—: + Gj(a;,by)) (2b)

ci+1 = Fj(g,da; + cj(Fj(cj,di)z—; + Gj(g,dy)) (2c)

&1 = F(G dpb; + 4i(Fi(s; dj)'dij + Gi(c;dp) (2d)
Where:

F(xy) =xa — ¢(y — x;:) (3a)

Gy(xy) = —xb; + d(y — x%) (3b)

With the equations 2 and 3, a fractal tree of any iteration
level can be easily simulated. For this work, all simulations
were performed in Python programming language [11].

The typical curve of the argument of a Fractal Tree can
be seen in Figure 4.
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Fig 4. Impedance argument curve of a Fractal Tree using R; = 100kQ,
Cp = 100pF and Ry = 10GQ and 5 iterations.

Simulating for different values of R, it was observed that
the value of this component has influence only at low fre-
quencies (below 107 Hz) and not in the Fractal Zone (Figure
5). As in this work we are just interested in the Fractal Zone
and so, the influence of R,, will be neglected and the value of
R, will be considered infinite for the simulations.
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Fig.5. Impedance argument curves using R = 100kQ, C,, =100pF, 5 it-

erations, and different R}, values

In figure 6 can be observed that the argument curve for
the medium and high frequencies will always be the same as
long as the RsxC,, product is constant.

By varying the RsxCp product, the argument curve is
shifted linearly on a frequency logarithmic scale, being in-
versely proportional to the product RgxC, (Figure 7). So,
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given a certain frequency f, obtained due to a specific pair
(Rs0.Cpo). if the pair is changed to (Ry;. Cp). We can obtain
the new frequency f; using the following equation (4).

Rs0Cpo
_ P
f1 =% (4)
s1bpl
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Fig 6. Impedance argument for different C;, and R, using infinite R}, and
5 tterations. In this figure the product R..Cp 15 kept constant.
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Fig.7. Impedance argument for C}, =100pF, infinite Ry, 5 iterations and

different R, values.

Another important aspect is that the fractal zone (fre-
quency width) depends on the number of iterations, the
higher number of iterations. the larger the fractal zone, as can

be seen in Figure 8.
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Fig 8. Different iterations using Ry = 100kQ, C;,, = 100pF and infinite
R,.

In this work, it will be defined the width of the Fractal
Zone as the region where the argument lies between two con-
stant values. In this work we will use the values -32 and -40
degrees as the limits to the Fractal Zone, therefore, a varia-
tion of 4 degrees around the theoretical value of -36 degrees

(figure 9).
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Fig 9. Fractal Zone highlighted for Ry = 100kQ, € = 100pF and infi-
nite Ry, In this example the initial frequency is 5432Hz and the frequency
width is 4.18 x 107Hz.

III. EXPERIMENTAL RESULTS

To confirm the theoretical description and the simulations
presented, experiments with discrete circuits were performed.
Three experiments were carried out, for iterations 1, 2 and
3. For each of the configurations, Ry, =820 and C,, =
92pF were used as elementary components.
The main equipment used for this experimental character-
ization were:
o An Agilent 33500B Series Function Generator
o A Keysight DSOX2002A4 Oscilloscope
o LabVIEW 2014 software to make getting results eas-
ier and faster
The measurement circuit is composed by the function gen-
erator — configured to generate a peak-to-peak 20V sine wave
over a range of frequencies from 1kHz to IMHz, by a resistor
of value R and by the fractal circuit of impedance Z.
The probes of the oscilloscope were positioned such as
showed in figure 10 and using as reference the “ground” of the
electrical circuit.

Vi Channel 1

Fractal Circuit

Fig.10. Measurement Circuit.

From the circuit shown in Figure 10, it is easy to conclude
that

7 —RV, 5
The equations of mod(Z) and arg(Z) are then
mod(Z) = —IRII:1 (6a)
[V, —V5|
arg(Z) = 1802 + arg(V;) — arg(V,—V,)  (6b)

The values of |V, |, |V,|, arg(V,) and arg(V; — V) are ob-
tained directly through the functionalities of the
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oscilloscope, thus, for a given frequency value, just have to
use equations (6a) and (6b), thus building the curves of
mod(Z) and arg(Z).

Infigure 11 and 12 we can observe the arg(Z) and mod(Z)
as a function of the frequency for both, simulated and exper-
imental results for 1. 2 and 3 iterations.
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Fig.11. Comparing arg(Z) from simulations and experiments for different
iterations — all with elementary components Rse = 82kQ, Cpe = 92pF
and infinite R,
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Fig.12. Comparing mod(Z) from simulations and experiments for different
iterations — all with elementary components Ry, = 82kQ, (), = 92pF
and infinite R,,.

Such as it can be seen in the figures, there is a good agree-
ment of the argument and modulus of the Fractal Tree of the
simulated and experimental results demonstrating that it was
used an appropriated theorical approach.

IV. MONTE CARLO ANALYSIS

In microelectronics, it is very common to have a substantial
variation on devices fabricated in different runs [12]. Thinking
in the implementation of a Fractal Tree using components fab-
ricated on Microelectronics technology and knowing the sig-
nificant variations on the values of these devices using this
technology. it is interesting to visualize how the properties of
the Fractal Tree are influenced by the variations of these pa-
rameters. To proceed with the evaluations, the Monte Carlo
Method was used in this work, and the samples will be taken
on the parameters R, and C;, and it will be evaluated the dis-
tributions of the initial frequency and the width of the Fractal
Zone. For the parameters to be sampled, it will be assumed
that the distribution of its perturbation is a Gaussian with a
standard deviation (written as o) such that there is a tolerance
0of 20% up to 3c. It is well known that in a Gaussian distribu-
tion, 1o corresponds to 68.27%, 2a¢ to 95.45% and 30 to
99.71% of the deviations around the mean. As reference val-
ues will be used R =100kQ, C,=100pF. infinite R, and 3
iterations — it is important to make it clears that the perturba-
tions will be made on the elementary parameters, which are

R,.=3.7kQ and C,,=3.7pF. To analyse the distribution of the
initial frequency and the width of the fractal zone, 50000
samples of simultaneous variation of R and C, will be used.
The initial frequency and the width of the Fractal Zone are
14.6 kHz and 502 kHz for the reference values of Ry e C,,
respectively.

To evaluate the distribution more empirically, it will be
used the median, and the percentiles since that the simulated
curves did not show a gaussian pattern. So, whenever a spe-
cific percentile is mentioned. this value would be identical to
its counterpart in the Gaussian curve. For example, when
about a percentile is 2c above the median, it means that this
value corresponds to 95.45/2% = 47.72% above the median in
the distribution.

The Monte Carlo distribution for the width of the fractal
zone is shown in figure 13.

The median and the percentiles of the Monte Carlo anal-
ysis for the width of the fractal zone are shown in table 1.

It is possible to see in table I that the deviations, although
significant, do not change the order of magnitude of the
width of the fractal zone. For 2c above and below it is noticed
a deviation of 18% and -14%, respectively, which is a reason-
able deviation for a group that contains more than 90% of the
samples.
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Fig.13. Histogram of the width of the Fractal Zone.

Table I Fractal zone width distribution statistics

3¢ below the median 391 kHz -22%

26 below the median 431 kHz -14%

16 below the median 481 kHz -4%
Median 503 kHz

1o above the median 526 kHz 5%

20 above the median 593 kHz 18%

3¢ above the median 664 kHz 32%

The Monte Carlo distribution for the initial frequency is
shown in figure 14.
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Fig 14, Histogram of the Initial Frequency of the Fractal Zone

The median and the percentiles of the Monte Carlo anal-
ysis for the initial frequency are shown in table 2.
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Table II. Initial frequency distribution statistics

3¢ below the median 11.3kHz -23%

26 below the median 12.5 kHz -14%

1 below the median 14 kHz -4%
Median 14.6 kHz

1o above the median 15.3kHz 5%

20 above the median 17.2 kHz 18%

3¢ above the median 19.3 kHz 32%

For the initial frequency. the deviations associated with
the percentiles are practically the same when compared to
the width of the fractal zone, which is expected, since that
both are inversely proportional to the product RxCp.

V. CONCLUSION

In this work, important properties of the Fractional-order
MOS Capacitor with a fractal tree structure were analyzed
demonstrating the validity of the theoretical basis with exper-
iments carried out in discrete components. Comparing the ex-
periments with the simulations, a good agreement was ob-
tained with the argument and modulus of the Fractal Tree. In
addition, the Monte Carlo technique was used to analyze the
sensitivity of the properties of width and initial frequency of
the Fractal Zone, and the results indicated that for a simulta-
neous variation of the values of R; and Cp with a tolerance of
20%, an asymmetrical variation is observed for width and
initial frequency of fractal zone. For 26 above and below the
median values (for both, width and initial frequency value of
fractal zone) it is noticed a deviation of 18% and -14%. respec-
tively. which is a reasonable deviation for a group that con-
tains more than 90% of the samples. However, if greater pre-
cision is desired of the Fractal Zone characteristics, mores re-
strictive tolerance values must be used for the resistance and
capacitance parameters.
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